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Abstract:

The authors of this research investigated a subclass analytic univalent function from the perspective of sigmoid functions defined by
using the Salagean differential operator and subordination principles. Coefficient constraints were found for this subclass and the well-
known Fekete Szego inequalities were also mentioned. Therefore, in addition to the standard Fekete-Szegjo problem, the relationship
between unified subclasses of analytic univalent functions and a simple logistic activation function to find the initial Taylor series

coefficients.
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1. Introduction

ET 4 denote the subclass of analytic univalent function and
feA then we have

f()=2+Ya,2"(zeV),
= ()

In terms of geometry, this amounts to reducing or enlarging
the domain and perhaps rotating it, but it does not alter the
function's univalence. The function f(z) in equation (1) is
normalized and meets the set of requirements when it has the

form in equation (1) f(0)=0, f'(0)=1.[1].
The function in (1) are analytic in the open unit disk U =

{z:z € Cand |z| < 1}, C being as usual, the set of
complex number. Additionally, let S represent the subclass of
A functions that are univalent in [2, 3, 4, 5, 6].

The class S* (k) of starlike functions of order k in U and the
class K(k) of convex functions of order k in U are two
significant and thoroughly studied subclasses of the univalent
function class S that follow [7]. Also [6, 8, 9, 10, 11, 21]. We
have

s' (k) ={f:f € Sand R (L2) > k

e @eU;0 <k <D} (2)

and

zf"(2)
f'(@)

K(k):{f:fESandR<1+ )>k (ZGU;OSk<1)}(3)

It readily follows from the equation (2) and (3) that

f(@)e K(k) & zf'(2)eS* (k) “4)

It is well-known that every function feS has an inverse 1,
defined by

ff@) =2 (zeU)

and

FE@=o (ol <r(m() 2 4)
Infact, the inverse function £~ is given by
fH(w) = w—a,0® + (243 — az)w® — (5a3 — 5a,a; +
aw® + - ©)
For details, [7, 12].

The analytic functions h which have the series development of
the form

h(z)=1+cz' +¢,2° +..=1+ D ¢, 2" [c,|< 2,
k=1

(k=123,..) (6
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satisfying h(0) =1 and Re{h(z)} > 0 (positive real parts).
The well-known Caratheodory function is this one; refer to
[13]. An equivalent way to characterize these functions would
be as a function subordinate to the well-known Md&bius

function, L,(2)= 1"'_2 . Inthe family of functions of the form

like of h, the M&bius function is essential. For such functions,
it assumes the extremum in the most extreme problem.

By subordination, it is meant that there exists a function of unit
bound (‘0)(2)‘ <1), normalized by @(0)=0 such that
h(z)

h among others as we shall see later. In terms of (@, function

Lo (CO(Z)) . Thus, this gives another representation for

Notice that P is analytic in U and P(0) =1. Also P has

positive real partin U and hence |pi| <2.
From (8), we have

1+u(z)
p(2) =

]-_—u(z) =1+ p,z+ pZZZ...

®)

Notice that P is analytic in U and P(0) =1. Also P has

positive real partin U and hence |pi| <2.
From (8), we have

p(z2)A-u(2)) =1+u(2)
p(z) - p(Du(z) =1+u(z)

Z)-1=u(z)+ p(z)u(z 9
h has the form: p(()) 1 (2)+ p(@)u() ®)
Z —
1+ o(z) PO~ ).
h(z)=—+=,2€U. 7 z)+1
(2) - ol2) W) p(2)
The unit bound functions, otherwise known as Schwarz
functions, have two basic results. For further details [13, 14]
Let the function P be of the form
Re-expressing (9) we have
(p(2)-D(p(2)+1) ™" =u(2)
(pz+ P,2° +..)2+ p,z+ p,z° +..) " = u(2)
-1
2‘1(I012+ p,2% + p,2° +p,z2* + ...{1+%z+&z2 4 Ps g +%z4 +] =u(z)
( 3\
g L P e IPE N PR 7IP N
2 2 2 2
— 12
%z+%zz+%z3+&z4+... -
u(z):(%z+%zz+%z3+%z4] N .
LT WL - LI P
| 2 2 2 ]
4
LT WL i LI P
\L 2 2 2 2 ] )
) \
QI P T 1y FE
2 4 2)
u(z)= &:+‘U2 z2 +&:3 +‘U—4:4 +..\ PPy _&_p_ﬁ 3
2 2 2 2 2 8
PP +P_22 i_?’pfpz Py 4y
2 4 16 8 2
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2 2
u(z)=&z+ Po P2 | P Puf Py -p, PP s
2 2 4 2 4\ 2 4

u(z) =

2 2

p; p.( Pl p.p
p12+[p2—21]22+(p3+21[21— pzj—lz 2]23+

p; i), P p;
(m +41[p2 —21]+21(p1p2 - ps)—;}“ o

4 4

2 2 2
[p“+%[pz —p1]+p1(p1p2 - pa)—pz}“ + o

N |-

(10)

The Hadamard product (or convolution) of f(z) given by (1) and
the function @ (z) left(z\right) which is of the form
00]

0@ =2+ ) @t
k=2
Is defined by
(e P@ =7+ ) apr* =9+ N@)
k=2

Therefore, D™(f * ¢)(z) = D(D™1(f * 9)(2)) = z +
Y, k™a,p,z® where D™ is defined as the famous Salagean
derivative operator [19].

D°f(z) = f(2),D*f(2) = D(f(2)) = zf'(2),
D"f(z) = D(D”_lf(z)) =z+ k™a,z*
kz .

The Hadamard product was also used by [15] to talk about a
new class of functions represented by M, ,(¢).

Due to their engagement in mathematical computations,
scientists and engineers who regularly employ special functions
place a great deal of importance on the theory of special
functions, according to [16]. Although it lacks a precise
definition, its applications are found in fields such as computer
science and physics. Other disciplines like real analysis,
functional analysis, differential equation, algebra, and topology
have recently eclipsed the theory of special functions [16].
There are several special functions, but we'll focus on the
activation function, also referred to as the sigmoid function or
the simple logistic function. We used the term "activation
function" to refer to an information-based process that is
comparable to how the brain and other biological nerve systems
process information. This is made up of several closely
connected processing elements, or neurons, that cooperate to
process or accomplish a particular task. It cannot be trained to
perform a specific activity; instead, it learns by example. The
gradient descendent learning procedure of the sigmoid function
(simple logistic activation function) can be evaluated in a
number of ways, including by truncated series expansion.

The following is the simple logistic activation function:

t@)=——,z>0 (11

1
1+e~2’
It transfers a relatively broad input domain to a tiny range of
outputs, is differentiable, produces real numbers between 0 and
1, rises monotonically, and never loses information because it
is a one-to-one function. The sigmoid function is a very useful
tool in geometric function theory, as is seen from the above. For
details, [5, 17, 18, 21]

Lemma 1.1.1: [12, 14] If a function P € P is given by

p(z)=1+ p,z+ p,2° + p,2° +...(z€U)
the”|pk| <2, ke N where P isthe family of all functions
p(0)=1

analytic in U for  which and

Re(p(z))>0,(z V).
Lamma 1.1.2: [17]: Let / be a sigmoid function and

@, =2/(z)= 1+i (@) {i (-)" Zm:|k

k
ko 2 w1 m!

then @, , € P,|Z| <1 where ®, . is a modified sigmoid

function.
Lemma 1.1.3:.[17] Let
0 o k
(-1)* =nm
P2 =1 +Z T - z™m
k=1 m=1
then
|q)k,m(z)| <2

Lemma 1.1.4: [17] If ®,,, € P is starlike then f is a
normalized univalent function of the form.
Taking k = 1, Fadipe — Joseph et al [5] proved that

Lemma 1.1.5: [12]. If p(z)=1+cz+C,2° +..e P is
an analytic function with positive real part and V is a complex

variable, then ‘CZ —vcf < 2max{1;|2v —]j}(

Lemma 1.1.6: [8] If p(z)=1+cCz+C,2°+...e P s

an analytic function with positive real part and V is a complex
variable, then

2—-4v, if v<0
‘cz—vcf‘s 2 if 0<v<i
4v-2 if v>1

Remark. Let

®(z)=1+ Z Cpz™
m=1
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Where C,, = 250 10 1 <2, m =123, this result is g, >0,h, >0,9, —h, >0  satisfying the following

sharp for each mz[rg]‘ conditions:
Oladipo [16] studied the class M’ (b, ®, ) of functions 141 (1-a) D"(f * g)(z)+a(D”(f *ng))' ~1|<®, (2)
D"(f*h)z) ~ (D"(f *h)2)) e

b
Where a >0, ne N, (I)kym is a simple logistic sigmoid

f(z) € S and which satisfies the following condition:
. a.g
Definition 1. For b€ C, Let the class M} (b,d)k'm) activation functionand D" is the Salagean derivative operator

denote the subclass of A consisting of functions of the form  [19, 20].

® © In the series form, the sigmoid function looks like this:
f(2)=z+>az", ad 9(2)=z+) 0,2%
k=2 k=2
h(z)=z+Y hz*,
k=2

o2)= 2 _=1-e+ (e + () .

l+e”
2 3 4 2 3 a7
é(z)=1— 1-z+ 2 -2y |+ 1—z+2——z—+z—...
2 6 24 2 6 24
A A & ’ 22 22 0
-11-z+—=—+——-.. | +|l-Z+——-—F+—...| —...
2 6 24 2 6 24

o(z)=1- 1—22+222—ﬂ23+gz4—... - 1—32+gzz—gz3+—z — |+
3 3 2 2

[1—4z+822 —§z3+gz4—..}
3 3

%,

Using (10) in (12) form the composition of function that follows as

iz+ i_iz 22+ &4_& iz_Pz _PlPZ Z3+
2 2 4 2 4 2 4
2
5ﬂz+ &—L 2’ + &+ﬂ I:i—Pz _BR 2%+ &+ﬂ 3Pl|:)3—P3—P—13 —PLZ 2+ ..
2 2 4 2 41 2 4 2 4 4 8 4

0(z)=1—2z +5z° —%z3+
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7 2 2 P 29
£(¢1(z)=1—Plz—(P2—ZP1 )z —(P3+ 2(6 P2-7P D

PP,
—| P+ R 3Rk +5P,P, — 6P, — 815 5(27—7P2) 7'+
2 4 96 4

13
Definition 2: For b € C, Let the class W, (b, ¢) denote the subclass of S consisting of -
functions of the form f (z) = z+Zakz", and 9(2) = z+ngzk, h(z) = z+thzk,
k=2 k=2 k=2
g, >0k, >0,g —h >0
1+l (l1-«) D™(f *9)(2) +a (D (f g)(Z)) -1 <€(¢)(Z)) (14)

b D'(f*M(@)  (pn(f +h)(2))

P
€(¢1(Z)=1_P12_ pz_Zplz 2’ | P+ §|:)12—7|:)2 z°
4 2\ 6
- P4+P 3hP, +5P,P, —6P, _8ps, 2(27 7P,) 2" +
2 4 96

where D is a non-zero complex number, & 20,ne N, (s a function of sigmoid and D" is the Salagean derivative operator
[19, 20].

The following is based on the Hadamard product principle:

D™M(f * g9)(2) = z + T k" ay gi2* (15)

D™(f * h)(2) = z + Xioe, k™ hy 2 (16)

D™(f * 9 (@) =1+ X, k" ay gpz*™" (17)

DO"(f *h) (@) =1+ T k™ ay bz (18)

Using (3.11) and (3.12) in linear fractional form we have:

D"(f * Q@) _ 1+ X k" ay gz
O *m(@) 1+ X2, k™ ay ezt

(D™ (f *9)(2)) 1+2"ayg,z + 3"1a, 9522 + 4" a, 9,23 + 5" aggszt + -
(D™(f *h)(2))) 1+ 2™1a,h,z + 3"t lazhyz2 + 4"+ la,h,z3 + 5ntlaghgzt + -

% = (14 2""a,g,z + 3" azg;2% + 4" a,g,23 + 5™ aggszt + - ) (1 + 2" ayh,z +
3n+1a3h3Z2 +4n+1a4h4z3 + 5n+1a5h524 + .__)—1

(D" (r*g)(2))’

D@y (1+ 2" a,g9,z + 3" azg;2% + 4" a,g,23 + 5" laggszt + - )(1 — [2"layh,z +

3" 1qohyz? + 4" a h,z3 + 5" lachozt + -0 ] + [2" Yayh,z + 3 aghyz? + 4" a,h, 23 +
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5" lachgz* + -+ 12 + [2™Yayhyz + 3™ taghyz? + 4" ayhyz3 + 5™ laghszt + -+ P + [2™ M ra,h,z +
3"lazhz? + 4" Ya,h, 23 + 5" laghzt + -+ 1)

% = (14 2"a,g,z + 3" azg;2* + 4" 1 ayg,z® + 5™ aggszt + - ) (1 — 2" ayh,z +

(2"*a,h, — 3" lazhy)z? + (2.6 L a,azhyhy — 2™ 3a3h3 — 4™ a,hy)z3 + (9™ 1ashs +
2. 8n+1a2h2a4h4 + 22n+4a‘21h‘2l - 2 6n+1a%h%a3h3(1 + 2n+1) - 5n+1a5h5)Z4 + )

D" (f+g)(2))’
EDTL(;*"’;)(;); =1+ 2n+1a2(g2 - h’Z)Z + (2n+2a%(h% - anZhZ) + 3n+1a3(g3 - h3))22 +

(4" ay(ga — ha) + 2™3a3h3(2"g, — hy) + 6™ azazhs(gs — g, + 2a3hy))z® +
(5™ asgs + 2.6™  azazhy(gshy + 2" gyhs) — 2270 (2™3a4a, 94k, + 2730y + 2%a3g,h3) —
9"+1lg2g.hy)z* + -+ (19)

Also using (15) and (16)

D' (f*g)(2) _ z+¥pi,kmargrz®  z+2"a,g,2%+3"asgzz3+4"asg.zt+
D™ (fxh)(z)  z+Xpe,kmaghgzk  z+2Mayh,z2+3mazhzz3+4mashyzt+-

Dn(f*g)(z) n 2 n 3 n 4 n 2 n 3 n 4 -1
mz (z+ 2"ayg,z* + 3"a3952° + 4"a,g4z* + -+ ) (2 + 2"ayhyz* + 3"azhyz® + 4" ah,z 4 )
D™(f * g)(z

D"E]]: * Zigzi = (1+2"a,9,7 + 3"a3932° + 4", 947° + - )(1 + 2"ayh,z + 3"a3h32% + 4"a,hyz® + )7

% = (1 + Znazgzz + 3na3g322 + 4na4_g4_z3 + )(1 - [Znazhzz + 3na3h3zz + 4na4_h4_z3 + ] + [Zna2h2Z +
3na3h322 + 4na4h423 + "‘]2 - [Znazhzz + 3na3h322 + 4na4h423 + "']3 + [znazhzz + 3na3h322 + 4na4h423 + "']4 _)

% = (14 2"a,g,z + 3"asgsz? + 4"a, 9,23 + - )(1 — 2"ah,z + (4"a3h3 — 3"azh;)z? + (8"a3hs +
2.6"ayh,azh; — 4"ash,)z® + (16"a3hs + 3.12"a2h3ash; + 2.8"a,h,a,hy + 32"a3h3 — 5™aghg)z* + )
% =1+ 2"a,(g; — h)z + (3"az(gs — hs) — 2°"azhy(g, — hy))z* + (47 a4(gs — hs) + 6" aza3h;(2h; — g5 —
92))z° + (16™a3h3 (g, — hy) + 12"a3as(3h3h; + 2g,hs + gsh3) + 8"aya,(2. hyhy — gohy — gahy) + 32"a3hs(gs — hs) +

5"as(gs — hs))ZA' + (20)
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+1|:(1_ )D (f*g)(z (D (f*g)(z))‘ j| +2”a2(gz—h2)(1+a)z+
b D"(f *h)z ) (D (f *hX2)) b

(3 a,(g; — hy X1+ 2a)—2"a2h, (2" g, (Ba + 1)+ h, (2" & — 4 — 2")))2?

b
(47a,(g, —h, Y1+ 3a)—2.6"a,a,h,h,(6(g, — h,)+3(g2 — g2 )+ 2h,h, — h,a,(g, + h,)J1— a)a)z?
b
([[lG"a;‘hf(gz —h,)+12"a2a,(3n2h, + 2g,h, + gthz)J:| )
+8"a,a,(2h,h, — g,h,—g,h,)+3*"azh,(g; — h,)
-a)+ 2.6”+1a3a22h2(g3h2 + 2"+1gzh3)— 22"(2”+3a4azg4h2 +2"%h, + 24a§gzh23)
—a o
—9”+1a3zg3h3
N +5"a,(gs —h; —a(g, —h, —5)) g 244
\ J
(21)

2.0 MAIN RESULTS

Theorem 2.1.1

Let ¢(z)=1—2z+522 — 223 + % z* — ... where / € A is an activation function for a logistic sigmoid and ¢'(0) > O.

Z IS glven y eqn elongs to the class y , where IS a non-zero complex numoer,
If f is gi b 1 bel he class W, (b,€), where b i | b

9,>0,h >0 9,-h >0, >0, neNy, k22 and D" is the derivative operator for Salagean, then
b

laz| < 2n71(gy—hy)(1+a) (22)
las| < 8.2"b(gz—hy)?(1+a)?—(2".4.7.(g2—h2)?(1+a)?b+16b%h, (2" g, (Ba+1)+h, (2" a—4a—2"m))) 23
43l = 3M.4.2M(g3—h3)(gz—h2)?(1+a)?(1+2a) (23)
22b n 2"%x10b?%(g2—h2)?(14+a)?+8b3h, (2" g, Ba+1)+h,; (2" a—4a—2™M))
lagl < A nGram T 200X h2h3( 31241 (g,—hy)(g3—h3) (g2—h2)3 (1+a)3 (1+2a) (1+3) )
- 2 _ g2 _ _2heb(gsths) \ g _
(6(93 hy) +3(g2% — g3°) + 2hyhg 2"(g2—h2)(1+a)) (1-a)a (24)

Proof: If T &€ W7 (D,£),then there exist a Schwarz function u(z) with conditions that conditions that |U(Z)| <1 and
u(0) = O such that

D'(T+g)e), [o(f 20 -1{=1¢(2))
D'(1+1)D) " [or(f etz

Calculations reveal that

1+% (1-a)
(25)
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D"(f *g)(z) _

D"(f *h)(z)

1+2"a,(g, —h,)z+(3"a;(9, - h;) - 2"azh, (g, - h,))z* + (4"a,(g, —h,) + (26)
6"a,a;h, (2h; - g, - 9,))2° + (16" a;h; (9, +h,) +12"aza, (3, + 20,h, + g5hy)

+8"a a4(2h3h4 - g2h4 - g4h2)+32na22h3(g3 - h3)+5nas(gs - hs))z4 + o

L' 90] |, g 6 b jes @20 -2 g ) 5700, e+

[ *h)2)]

(4""a,(9,~h,)+2" azh; (2", ) +6™ a8, (g, — g, +28,h,))2° + @7)
(5" 2,05 +2. 6””a3a§hz(gsh2 +2g,h,) -2 (2" a,a,9,h, +2"°h, +2"a;9,h;)

_9n+1 2g3h )

and the manifestation of the Taylor series of ¢(¢(z))is given as

(@) =1 2= (P, =, B1)27 =(py (5 9l = Tp, )7

3 85
2( DLPs +5P, P, —6P; —— p2)+ 2 (27-Tp, )z +. 28)

(P, + 96 4

From (25), (26), (27) and (28) we have

Za(g-T+o)=—pb
(29)

n 7 n n n
3 ag(g3—h3)(l+2a) :[_ P, +Z p12 +2 a22h2(2 92(3a+1)+h2(2 (@-1)-4a)) b (30)

7
(3"a3(g3 — hy)(1 + 2a) — 2"a,?h,(2"g,(Ba + 1) + hy(2"a — 4a — 2”))) = —bp, + prlz
2"p1?b%h,

7
2"g,(3 1)+ h,(2"a — 4a —2™)) = —b —bp,?
22n(gz_h2)2(1+a)2( gZ( a+ )+ 2( a a )) p2+4 P1

3"a3(g; — h3)(1 + 2a) —

3n R4+ 2@) = —bpy + - bp.2 27D e on 3 1) 4 b (2 — da— 27
asz(gs — h3)(1 + 2a) = —bp, +Z P1 +(g2—h2)2(1+a)2( g>2Ba+ 1)+ h,2"a — 4a — ))
1 27"p,?b%h,

7
[—bpz + prlz + ( (2"g,(3a + 1) + h,(2"a — 4a — zn))]

A =
: 3"(g3 — h3)(1 + 2a) g2 — h)?2(1 + a)?

1 (7p1 —4p2) b+ plzbzhz(zngz(3a+1)+h2(2"a—4a—2"))]
3™(gs—h3)(1+2a) 2™(ga—hy)?(1+a)?

as =
Using |p;| < 2, we have

las| <
2".8.b(g2—h2)2(1+a)2—(2"4.7(g2—h2)?(1+a)?b+16b%h, (2" g, Ba+1)+h, (2Ma—4a—2™))
4.3M.2M(g3~h3)(g2—h2)?(1+a)?(1+2a)

4"a,(gs — hy)(1 + 3a) — 2.6™a,azh,h3(6(gs — hy) + 3(922 - 932) + 2hyh3 — hya,(gs + h3)(1 — a)a) = —bps —
- ( p1 7p2) b (31)

2_ 232 n Ny_ag—oM
4"a4(g4 —h)( +3a) — 2.6"( p1b )( (7p1%2-4p2)b " p12b%h,(2"g,Ba+1)+h,(2"a-4a-2 ))) X hyhy (6(g3 —hy) +

2M(gz—hz)(1+a)/ \3M4(g3— h3)(1+206) 3M2M(g3—h3)(g2—h2)?(1+a)?(1+2a)

3(922 - 932) + 2h,h; +M) (1 —-a)a=—bp; — 2 ( P1 - 7P2>b

2M(gz—h2)(1+a)
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n — S _P1(29 2 _ o ¢n (7p13-4p1p2)b?
4"ay(g9s — ha)(1 + 3a) = —bp; — = (6 Py 7p2)b 2.6 (Zn-3n4(gs—h3)(gz—hz)(1+2a)(1+a)

— 2_ .2 _h2p1b(gs+hs) _
)h2h3 (6(93 hy) +3(g;° — g3°) + 2hyhs + Zn(gz—hz)(1+a)) (1-a)a

p13b3h,(2"g,Ba+1)+hy (2" a—4a—2M))
3121 (g3—h3)(g2—h2)3(1+a)3(1+2a)
- v (_ _p1(29 o ) _ n( (7p13—4p1p2)b?

s 4“(94—h4)(1+3a>( bps z(6p1 7P2)b = 26" it k(s (T2 )

p13b%h,(2"g, Ba+1)+hy (2" a—4a—-2M)) _ 2 2 hyp1b(g3+hs3) _
3127 (g3-h3)(g2—h2)3(1+a)3(1+20) )h2h3 (6(g3 ha) +3(g2" = 95%) + 2hyhs + zn(gz—hz)(1+a>) a “)“)

Using p; = 2
_ 1 o leb n 10b2 _ 8b3h,(2"g,Ba+1)+hy(2"a—4a-2m)) _
ay = 4n(g4—h4)(1+3a)( 2b 3 2.6 (2”.3"4(g3—h3)(g2—h2)(1+2a)(1+a) 3M2M(g3—h3)(g2—h2)3(1+a)3(1+2a) ) hzhs (6(93
2h,b(g3+hs)
hy) +3(g92% — g5%) + 2hyhs + m) 1- a)a)

Further simplification gives

_ 1 —22b n (2"x10b2(gz—hz)z(1+a)2+8b3h2(2”g2(3a+1)+h2(2"a—4a—2”))) ( _ 2 _
4= 4"(94—h4)(1+3a)( 3 2.6 4.3M.27(g3—h3)(g2—h2)3 (1+a)3 (1+2a) hahs (6(g5 — h2) + 3(g,
2 2hyb(g3+hs3) ) _ )
gs°) + 2h,hs + T (ga )Lt D) 1-a)a
Now using |p;| < 2, we have
1 22b n (2"><10b2(gz—h2)2(1+a)2+8b3h2(2”92(3a+1)+h2(2"0(—40(—2”))) ( _ 2
lasl < 4n(g4—h4)(1+3a)( s 126 43M.21(g3~h3)(g2~h2)? (1+a)3 (1+20) hahs (6095 = hz) +3(g2

2 2hyb(g3+hs3) _
g3 ) + 2h2h3 + 2"(g2-h2)(1+a)) (1 a)a)

From (29), (30) and (31) the desire results follow.
Corollary 2.1.2: when n =0

% .
12

2'(0)>0. If f(z) is given by egn 1 belongs to the cIasserf;]g (b,7), where b is a non-zero complex number,

Given that ¢(z)=1—2z+5z2° _%23 + — ... where /€ A is an activation function for a logistic sigmoid and

0,>0,h >0 0,-h >0, 220, neNy, K22 and D" is the Salagean derivative operator then
2b
< & 0
laz| < (92—h2)(1+a)

8b(g,—h3)?(1+a)?—(4.7.(g2—h3)?(1+a)?b+16b%h, (g, (3a+1)—h, (3a+1)))

<
las| < 4(g3~h3)(g2—h2)?(1+@)2(1+2a)
22b 10b%(g,—h3)?(1+a)?+8b3h, (g, (3a+1)—h,(3a+1)) _ 2
a4l < S mh e T 2h2hs ( (94=ha)(g3=h3)(gz=2)(1+a)* (1+2a) (1+3a) ) % (6(93 ha) +3(g2

2h,b(gz+hs)
(g2—h2)(1+a)

Corollary 2.1.3: when o =0,

93%) + 2h,h; — ) (1-a)a

Given that ¢(z)=1—2z+5z2° _223 + ﬁz“ — ... where /€ A is an activation function for a logistic sigmoid and

12

£'(0)>0. If f(z) is given by egn 1 belongs to the class Wncfﬁg (b,?), where b is a non-zero complex number,

9,>0,h >0 9,-h >0 a20,neN,, k>2 and D" is the Salagean derivative operator then
b
2"=1(gz—hy)
8.2"b(g2—h2)?—(2™.4.7(g2—h2)?)b+16b2h;,.2" (g, —h>))
3M.4.2"(g3—h3)(g2—h2)?

la,| <

las| <

22b

Q| <L ———m8m
l 4| T 4n3(ga—h4)
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Corollary 2.1.4: when ¢ =0,n =0 Wn”fr’]g (b,?), where b

. 22 95
2 3 4 .
Given that (¢(z)=1-2z+5z —?Z +EZ - 0,>0,h>09,-h >0 220 neN,, k>2andD" is

where / € A is an activation function for a logistic sigmoid
and ¢'(0) > 0. If f(z) isgiven by eqn 1 belongs to the class

2b
A |ay| <
| 2| (g2—h3)

is a non-zero complex number,

the Salagean derivative operator then

8b(g2—h3)—(28(g2—hp)b+16b2hy)

az| <
| 3| 4(g3—h3)(g2—h2)

22b
Al <
| 4| 3(ga—hs)

The Corollaries 2.1.2, 2.1.3 and 2.1.4 are new results. They
increased monotonically. The coefficient bound |a,| obtained
here is a reciprocal to result in [16] owing to the use of the fact ~ Theorem 2.2.1

. . - . . 29
Fhat S_lgm0|d fu_nctl_on was _used as a composite function Let  ¢(z)=1—27+522 - 27 4 % 24
involving subordination principle. This suggests that the new 3 12
coefficient bound |a,| becomes upper bound to the one f(z) is of the form egn 1 that belongs to the class
provided by [16]. The use of sigmoid function in subordination
principle suggests a higher degree of information management W', (b,/) where b is a non-zero complex number,
strategy.

2.2 Fekete-Szego inequalities for class W,1” (D, 0)

and

9,>0, h,>0, g, -h, >0, k>2,

‘as —,uazz‘SZk
7h.2" L+ ) (g, —h, ) +4b%h, (2" g, (3 +1)+ h,(2"a —4a — 2"))
L — 1b?4.3"(1+2a)(g, —hy)
42"(1+a)(g,—h, )
1 JFK, <u<K,
70.2"(1+a ) (g, —h, )* +4b°h, (2" 9,(Ba +1)+ h, (2" a — 4a - 2"))
— 1b?4.3"(1+ 2a)g, — ;)
42" (1+a)(g,—h,)

JF <Ky
(32)

-1,if u>2K,

where

K — b
3"+ 2“)(93 - hs)

« _Tb2"(+a) (g, —h,)" ~2°b%h, (2" g, (Ber +1)+ h,(2"a —4a -2"))
b 22.3"b%(1+2a)g, —h,)

i)

427(g, —h,)* L+ &)’ +277(g, —h,)*(L+a)? —4h,b*(2" g, (B +1) + h, (2" — 4 - 2"))
4.3"(g, —h,)A+ 2a)b? '

K2

Proof: Using the coefficient bounds from Theorem 3.1, this gives:

10
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and

a = -p, . 7pib L DR, (2" 9, (B +2)+h, (2" — 4 —2"))
*3"(g,—h,J1+2a) 3"4(g,—h,)l+2a) 2".3"(g,—h,F1+a) (g, —h, 1+ 2a)

Also, from lemma 1.1.5, notice, let ¢, = a; and ¢; = a,.

o b*p!
* T (g, el
2
a, — 1, = e + iy *
3"(1+2a)(9; —h;)  3"4(1+2a)(g; —hy)
b?pZ(2"g,Ba+D+h,(2"a-4a-2%) b*p;

2"3" (1"'05)2(92 —h2)2(1+2a)(93 —hy) # 2% (1"'05)2(92 _h2)2

- p,[4.2"" 1+ 2)*(9, —h,)*1+[7b2*" A+ @) (g, —h,)* +
o — 1l = 4b*h,(2"g,Ba+1)+h,(2"a —4a - 2")) - 1b?4.3" 1+ 2a)(g, — h,)]p?
: 2 4273 (1+a)*(1+ 2a)(g, —h,)?(g, —h,)

Now, let

k=3"(1+2a)(g, —h,) and

Ve —[7.b.22n @+ 0{)2(92 — h2)2 +4b2hZ(2n 9,(Ba+1)+ h2(2“a—4a—2”))—yb2.4.3” (1+2a)(g; —hy)]
4.2%" (1+a)2(92 _h2)2

-b
So, A, _ﬂag =G, _V012 :T[pz _Vp12]
More so, if v <0, then
[-7b.22 1+ a)?(g, —h,)? +4b%h, (2" g, Bar +1) + h, (2" ar — 4 — 2")) + pb?.4.3" (1 + 22)(g, — h,)]
4-22n(1+a)2(gz _hz)z
243" (1+2a)(g, —h,) <7b.2" (1+a)?(g, —h,)? —4b?h, (2" g, B +1) + h, (2" & — 4ar — 2"))

_7b2" L+ @)’ (g, ~h,)” ~4b°h, (2" g, (B +1) + h, (2" — 4 - 2")
#= b?.4.3"(L+ 2a)(g, —,) '

<0,

7b2%" 1+ a)2(g, —h,)? — 4b%h, (2" g, Bz +1) + h, (2" — 4ar — 2"))

Hence, K; =
ence, K, b?.4.3" (1+2a)(g; —hy)

(33)

Also, ifv > 1, then
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[-7b.2"(1+a)*(g, —h,)? +4b°h, (2" g, Ba+1) +h,(2"a —4a - 2")) + 1b*.4.3" (L + 2a)(g; — h,)] o1
42" (1+a)*(g, —h,)?
wh?.4.3"(1+2a)(g, —h,) 2 4.2 (1+ @)?(g, —h,)* + 7.2 1+ a)*(g, —h,)? -
4h%h,(2"g,(Ba +1) +h,(2"a — 4a - 2"))
s 427 (1+a)?(g, —h,)? +70b.2"" (1+ a)?(g, —h,)? —4b2h2.(2"gz(3a+1)+h2(2“a—4a—2”))_
b2.4.3"(1+2a)(g, - h,)

42" (1+a)*(g,—h,)? +7b.2*"(1+a)*(g, —h,)* —4b%h,(2"g,Ba +1) + h, (2" a — 4o - 2"))
b2.4.3"(1+ 2a)(g, —h,) '

Hence, K, =

(34

By applying lemma 1.1.6 with simple substitution of the various variables involves completes the desire result of prove of the
theorem 2.2.1

Corollary 2.2.2: When n=0

Giventhat ¢(z) =1—2z+52% — 223 + % z* —...and f(z) isofthe formeqn 1 that belongs to the class Wnoj;g (b,f)

where b is a non-zero complex number, 0, >0, h, >0, 9, =h, >0, k>2, ¢ >0, ne N,, ¢ isafunction of sigmoid

and ¢'(0) > 0, then for any real number 4
la, — 2| < 2k

7b(+a)* (g, —h,)* +4b%h,(g,(B3x +1)-h,(3a +1))

p— 2 J—
- 4(1+2a)g, —h,) g _ Jif 4 <K,

4(1+0£) (gz _hz)
1 K, <K,

7b(+a) (g, —h, )* +40%h, (2" g, (Bcr +1)+ h, (2" — 4er - 2"))

—,ub24(1+20l)(93_h3) -1,if u>2K
4(1+0!)2(92_hz)2 | 2

1

where

K — b
(1+2a)(9; —hy)

_ 7b(+a) (g, —h,)* —2%b°h,(g,(3a +1)+h,(3 +1))
- 22b%(1+2a)g, —hs)

K,

_ 49, —h,)*@+a)? +7(g, —h,)*(1+ @) —4h,b*(g, (3 +1) + h, (3 +1))

K, >
4(g9; —hy)1+2a)b

Corollary 2.2.3: when @ =0

12
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Given that ¢(z) =1— 2z +52° — %23 + 9 z4 — ... and f(z) isof the form eqn 1 that belongs to the class Wn‘ﬂ;g (b,?)

where b is a non-zero complex number, §, > 0, hk >0, g, — hk >0, k>2,2>0,ne N,, ¢ isafunction of sigmoid
and ¢'(0) > 0, then for any real number 4
‘as — yazz‘ <2k
70b.2°"(g, —h,)’ +4b*h,2"(g, - h,)
L~ Hb*43"(g;—hy)
4.2°"(g, —h, )’
1 JFK, < pu <K,
7b.2°"(g, —h,)’ +4b*h,2"(g, - h,)
— ub?4.3"(g, - h,)

JF g <K,

-1,if u>K
422”(92 _h2)2 “ i
where
K ZHL
3 (93 _hs)
K, = 7b2*(g, ~h, )" ~b*h,2"*(g, ~h,)

22.3"b%(g, - h,)

_ 4-22n (gz B h2)2 +22n-7(gz B h2)2 B h2b22n+2(92 _hz)_

K
2 4.3"(g, —h,)b?

Corollary 2.2.4: when ¢ =0,n=0

Giventhat ¢(z) =1—2z+52° — 223 + 9% z* —...and f(z) isofthe formeqn 1 that belongs to the class Wnoj;g (b, )

3
where b is a non-zero complex number, 0, >0, h, >0, 9, =h, >0, k>2, ¢ >0 ne N,, ¢ isafunction of sigmoid
and ¢'(0) > 0, then for any real number 4

‘a3 —uag‘ <2k
7'b(gz - h2)2 +4b2h2(92 - hz)
J— 2 —
1_ ﬂb 4(93 hS) - ,|fﬂSKl
4(92 _hz)
1 JFK, <K,

7'b(gz _h2)2 +4b2h2(92 _hz)
_ﬂb24(93 _hs)
4(92 _hz)z

-1,if u>2K,

where

13
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B b
(93 _hs)
K. = 7.b(92 _h2)2 —4b2h2(92 _hz)
1 2 '
4b (93 _hz)
K. = 4(92 _h2)2 +7(gz _hz)2 _4h2b2(gz _hz)
? 4(93 _hs)b2 .

2.3 Fekete-Szego functional for the class W,’ (b, /)

Theorem 2.3.1

95 4 _
12

b is a non-zero complex number, §, >0, N, >0, g, —=h, >0, k>2, ¢>0,ne N,, ¢ is a function of sigmoid and
2'(0) > 0, then for any real number / .

Let ¢(z)=1—2z+52% — % 2% + ..and f(z) is of the form eqn 1 that belongs to the class W,;* (0, ) where

7021+ a) (g, —h, ) +
4b%h, (2" g, (3cr +1)+ h, (2" a —4a - 2"))
2" _ﬂb24-3n (1+ 2“)(93 - hs)_ 22n+2(1+a)2 (gz — hz )2

a, —ua’| < max<1
‘3 ”2‘ 3"+ 2a)(g, —h,) 2221+ a)(g, —h,)

(35)

This result is sharp.
Corollary 2.3.2: when n =0

95

- 24— ...and f(z) is of the form eqn 1 that belongs to the class W,* (0, ¢)

Giventhat ¢(z) =1—2z+52° — %23 +

where b isanon-zero complex number, 9, >0, N, >0, g, —h, >0, k>2 a>0,ne N,, ¢ isafunction of sigmoid
and ¢’(0) > 0, then for any real number /.

7b2(1+a)* (g, —h, )’ +
4b%h,(g,(3a +1)—h,(3a +1))

- 2 maxl1 — io® 41+ 2a)g, —h,)- 41+ a)(g, - h, )’

~ (L+2a)(g; —hy) A1+a)(g,-h,)’

2
‘ag_ﬂaz‘

This result is sharp.

Corollary 2.3.3: when @ =0

14
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Given that ¢(z) =1- 2z + 522 —%23 +

95

z*—...and f(z) is of the form eqgn 1 that belongs to the class

W29 (b,¢) where b is anon-zero complex number, g, >0, h, >0, g, =h, >0, k22 >0, neN,, ¢

is a function of sigmoid and ¢’(0)>0, then
7022 (g, —h,)* +
b2h2-2n+2(gz - hz)
1-n _ 2 n _ __92n+2 _ 2
‘ag—ﬂazz‘ﬁ : max41 143 (923 2h3) 2 _ (gz hz)
3 (93 _hs) 27 (gz _hz)

for any real number  p:

This result is sharp.

Corollary 2.3.4: when & =0,n=0

Given that ¢(z) =1—2z+ 527 _%Z

3_'_%24
12

_...and f(z) is of the form eqn 1 that belongs to the class W,;° (0, £)

where b is anon-zero complex number, 9, >0, h, >0, g, —=h >0, k>2 >0, neN,, ¢ isafunction of sigmoid

and ¢'(0) > 0, then for any real number #:

s

il

7b2(g, —h, ) +
bZh,.4(g, —h,)
2 1 _ﬂb24(93_h3)_4(gz_h2)2

max
s —hs) 4(gz_hz)2

This result is sharp.
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