
COVENANT JOURNAL OF PHYSICAL AND LIFE SCIENCES VOL. 13, NO. 1, JUNE 2025; DOI: XXX XXXX XXX 

1 

 

Submitted: 16:01:2025       Accepted: 27:02:2025     Published: 28:02:2025 

 

Abstract:  
The authors of this research investigated a subclass analytic univalent function from the perspective of sigmoid functions defined by 

using the Salagean differential operator and subordination principles. Coefficient constraints were found for this subclass and the well-

known Fekete Szego inequalities were also mentioned. Therefore, in addition to the standard Fekete-Szegʝo problem, the relationship 

between unified subclasses of analytic univalent functions and a simple logistic activation function to find the initial Taylor series 

coefficients. 
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1. Introduction 

ET A denote the subclass of analytic univalent function and 

fϵA then we have 
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In terms of geometry, this amounts to reducing or enlarging 

the domain and perhaps rotating it, but it does not alter the 

function's univalence. The function f(z) in equation (1) is 

normalized and meets the set of requirements when it has the 

form in equation (1) 00 =)(f , 10 = )(f . [1].  

The function in (1) are analytic in the open unit disk 𝑈 =
{𝑧: 𝑧 ∈ ℂ 𝑎𝑛𝑑 |𝑧| < 1}, ℂ being as usual, the set of 

complex number. Additionally, let S represent the subclass of 

A functions that are univalent in [2, 3, 4, 5, 6].  

The class S* (k) of starlike functions of order k in U and the 

class K(k) of convex functions of order k in U are two 

significant and thoroughly studied subclasses of the univalent 

function class S that follow [7]. Also [6, 8, 9, 10, 11, 21]. We 

have  

 

𝑆∗(𝑘) = {𝑓: 𝑓 ∈ 𝑆 𝑎𝑛𝑑 ℛ (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝑘         (𝑧𝜖𝑈; 0 ≤ 𝑘 < 1)}    (2) 

and 

𝐾(𝑘) = {𝑓: 𝑓 ∈ 𝑆 𝑎𝑛𝑑 ℛ (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝑘    (𝑧𝜖𝑈; 0 ≤ 𝑘 < 1)} (3) 

 

It readily follows from the equation (2) and (3) that 

 

𝑓(𝑧)𝜖 𝐾(𝑘) ⟺ 𝑧𝑓′(𝑧)𝜖𝑆∗(𝑘)                                       (4)  

  

It is well-known that every function 𝑓𝜖𝑆 has an inverse 𝑓−1, 
defined by 

𝑓−1(𝑓(𝑧)) = 𝑧   (𝑧 𝜖 𝑈) 

and 

𝑓(𝑓−1(𝜔) = 𝜔     (|𝜔| < 𝑟0(𝑓): 𝑟0(𝑓) ≥
1

4
).  

Infact, the inverse function 𝑓−1 is given by 

𝑓−1(𝜔) = 𝜔 − 𝑎2𝜔2 + (2𝑎2
2 − 𝑎3)𝜔3 − (5𝑎2

3 − 5𝑎2𝑎3 +

𝑎4)𝜔4 + ⋯          (5) 

For details, [7, 12]. 

The analytic functions h  which have the series development of 

the form 
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satisfying 10 =)(h  and   0)(Re zh  (positive real parts). 

The well-known Caratheodory function is this one; refer to 

[13]. An equivalent way to characterize these functions would 

be as a function subordinate to the well-known Mőbius 

function, 
z

z
zL

−

+
=

1

1
0 )( . In the family of functions of the form 

like of h, the Mőbius function is essential. For such functions, 

it assumes the extremum in the most extreme problem. 

By subordination, it is meant that there exists a function of unit 

bound ( 1)(z ), normalized by 00 =)(  such that 

))(()( zLzh 0= . Thus, this gives another representation for 

h  among others as we shall see later. In terms of  , function 

h  has the form: 
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, Uz .              (7) 

The unit bound functions, otherwise known as Schwarz 

functions, have two basic results. For further details [13, 14] 

Let the function be of the form 

Re-expressing (9) we have 
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Notice that is analytic in  and 1)0( =P . Also has 

positive real part in  and hence 2ip . 

From (8), we have 

  (8) 

Notice that is analytic in  and 1)0( =P . Also has 

positive real part in  and hence 2ip . 

From (8), we have 
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                                                                                              (10) 

 

The Hadamard product (or convolution) of f(z) given by (1) and 

the function 𝜑(𝑧)  left(z\right) which is of the form  

𝜑(𝑧) = 𝑧 + ∑ 𝜑𝑘𝑧𝑘

∞

𝑘=2

 

Is defined by 

(𝑓 ∗ 𝜑)(𝑧) = 𝑧 + ∑ 𝑎𝑘𝜑𝑘𝑧𝑘

∞

𝑘=2

= (𝜑 ∗ 𝑓)(𝑧) 

Therefore, 𝐷𝑛(𝑓 ∗ 𝜑)(𝑧) = 𝐷(𝐷𝑛−1(𝑓 ∗ 𝜑)(𝑧)) = 𝑧 +

∑ 𝑘𝑛𝑎𝑘𝜑𝑘𝑧𝑘∞
𝑘=2  where 𝐷𝑛 is defined as the famous Salagean 

derivative operator [19].  

𝐷0𝑓(𝑧) = 𝑓(𝑧), 𝐷1𝑓(𝑧) = 𝐷(𝑓(𝑧)) = 𝑧𝑓′(𝑧), ⋯ 

 𝐷𝑛𝑓(𝑧) = 𝐷(𝐷𝑛−1𝑓(𝑧)) = 𝑧 + ∑ 𝑘𝑛𝑎𝑘𝑧𝑘

∞

𝑘=2

 

 

The Hadamard product was also used by [15] to talk about a 

new class of functions represented by 𝑀𝑔,ℎ(𝜙). 

Due to their engagement in mathematical computations, 

scientists and engineers who regularly employ special functions 

place a great deal of importance on the theory of special 

functions, according to [16]. Although it lacks a precise 

definition, its applications are found in fields such as computer 

science and physics. Other disciplines like real analysis, 

functional analysis, differential equation, algebra, and topology 

have recently eclipsed the theory of special functions [16]. 

There are several special functions, but we'll focus on the 

activation function, also referred to as the sigmoid function or 

the simple logistic function. We used the term "activation 

function" to refer to an information-based process that is 

comparable to how the brain and other biological nerve systems 

process information. This is made up of several closely 

connected processing elements, or neurons, that cooperate to 

process or accomplish a particular task. It cannot be trained to 

perform a specific activity; instead, it learns by example. The 

gradient descendent learning procedure of the sigmoid function 

(simple logistic activation function) can be evaluated in a 

number of ways, including by truncated series expansion. 

The following is the simple logistic activation function: 

  

                                   ℓ(𝑧) =
1

1+𝑒−𝑧 , 𝑧 ≥ 0       (11) 

   
It transfers a relatively broad input domain to a tiny range of 

outputs, is differentiable, produces real numbers between 0 and 

1, rises monotonically, and never loses information because it 

is a one-to-one function. The sigmoid function is a very useful 

tool in geometric function theory, as is seen from the above. For 

details, [5, 17, 18, 21] 

Lemma 1.1.1: [12, 14] If a function  is given by 

 

then   where  is the family of all functions 

analytic in  for which  and

. 

Lamma 1.1.2: [17]: Let  be a sigmoid function and 

 

then  where  is a modified sigmoid 

function. 

Lemma 1.1.3:.[17] Let  

Φ𝑘,𝑚(𝑧) = 1 + ∑
(−1)𝑘

2𝑘

∞

𝑘=1

[ ∑
(−1)𝑚

𝑚!

∞

𝑚=1

𝑧𝑚]

𝑘

 

then  

                                                           |Φ𝑘,𝑚(𝑧)| < 2 

 

Lemma 1.1.4: [17] If Φ𝑘,𝑚 ∈ 𝑃 is starlike then 𝑓 is a 

normalized univalent function of the form. 

Taking 𝑘 = 1, Fadipe – Joseph et al [5] proved that 

Lemma 1.1.5: [12]. If   is 

an analytic function with positive real part and  is a complex 

variable, then   

Lemma 1.1.6: [8] If  is 

an analytic function with positive real part and  is a complex 

variable, then 
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Φ(𝑧) = 1 + ∑ 𝐶𝑚𝑧𝑚

∞
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Where 𝐶𝑚 =
(−1)(−1)𝑚

2𝑚!
|𝐶𝑚| ≤ 2, 𝑚 = 1,2,3, ⋯ this result is 

sharp for each 𝑚 [5]. 

Oladipo [16] studied the class  of functions 

 and which satisfies the following condition: 

 

Definition 1. For  Let the class  

denote the subclass of A consisting of functions of the form 

 and  

  

   Satisfying the following 

conditions: 

    

Where 𝛼 ≥ 0,  is a simple logistic sigmoid 

activation function and  is the Salagean derivative operator 

[19, 20].  

In the series form, the sigmoid function looks like this: 

 

 

 

 

                                                                                                   (12) 

Using (10) in (12) form the composition of function that follows as 
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Definition 2: For  Let the class ),(,

,  bW g
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where    is a non-zero complex number,  is a function of sigmoid and is the Salagean derivative operator 

[19, 20]. 

The following is based on the Hadamard product principle: 

𝐷𝑛(𝑓 ∗ 𝑔)(𝑧) = 𝑧 + ∑ 𝑘𝑛𝑎𝑘
∞
𝑘=2 𝑔𝑘𝑧𝑘           (15)                                                                                                                           

𝐷𝑛(𝑓 ∗ ℎ)(𝑧) = 𝑧 + ∑ 𝑘𝑛𝑎𝑘
∞
𝑘=2 ℎ𝑘𝑧𝑘                (16)                                                                         

(𝐷𝑛(𝑓 ∗ 𝑔)(𝑧)); = 1 + ∑ 𝑘𝑛+1𝑎𝑘
∞
𝑘=2 𝑔𝑘𝑧𝑘−1      (17)                                                                        

(𝐷𝑛(𝑓 ∗ ℎ)(𝑧)); = 1 + ∑ 𝑘𝑛+1𝑎𝑘
∞
𝑘=2 ℎ𝑘𝑧𝑘−1      (18)     

Using (3.11) and (3.12) in linear fractional form we have:

(𝐷𝑛(𝑓 ∗ 𝑔)(𝑧));

(𝐷𝑛(𝑓 ∗ ℎ)(𝑧));
=

1 + ∑ 𝑘𝑛+1𝑎𝑘
∞
𝑘=2 𝑔𝑘𝑧𝑘−1

1 + ∑ 𝑘𝑛+1𝑎𝑘
∞
𝑘=2 ℎ𝑘𝑧𝑘−1

 

 

(𝐷𝑛(𝑓 ∗ 𝑔)(𝑧));

(𝐷𝑛(𝑓 ∗ ℎ)(𝑧));
=

1 + 2𝑛+1𝑎2𝑔2𝑧 + 3𝑛+1𝑎3𝑔3𝑧2 + 4𝑛+1𝑎4𝑔4𝑧3 + 5𝑛+1𝑎5𝑔5𝑧4 + ⋯

1 + 2𝑛+1𝑎2ℎ2𝑧 + 3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 + 5𝑛+1𝑎5ℎ5𝑧4 + ⋯
 

 

(𝐷𝑛(𝑓∗𝑔)(𝑧))′

(𝐷𝑛(𝑓∗ℎ)(𝑧))′ = (1 + 2𝑛+1𝑎2𝑔2𝑧 + 3𝑛+1𝑎3𝑔3𝑧2 + 4𝑛+1𝑎4𝑔4𝑧3 + 5𝑛+1𝑎5𝑔5𝑧4 + ⋯ )(1 + 2𝑛+1𝑎2ℎ2𝑧 +

3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 + 5𝑛+1𝑎5ℎ5𝑧4 + ⋯ )−1  

(𝐷𝑛(𝑓∗𝑔)(𝑧));

(𝐷𝑛(𝑓∗ℎ)(𝑧)); = (1 + 2𝑛+1𝑎2𝑔2𝑧 + 3𝑛+1𝑎3𝑔3𝑧2 + 4𝑛+1𝑎4𝑔4𝑧3 + 5𝑛+1𝑎5𝑔5𝑧4 + ⋯ )(1 − [2𝑛+1𝑎2ℎ2𝑧 +

3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 + 5𝑛+1𝑎5ℎ5𝑧4 + ⋯ ] + [2𝑛+1𝑎2ℎ2𝑧 + 3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 +

( )

( ) +







−+








−−++−

















−+−








−−−=

4

2

23

321

311

4

3

2

2

1

1

3

22

21

727
496

815
65

4

3

2

7
6

29

24

7
1

1

11

zP
P

PPPP
PPP

P

zPP
P

PzPPzPz(

,Cb

,)( 


=

+=
2k

k

k zazzf ,)( 


=

+=
2k

k

k zgzzg ,)( 


=

+=
2k

k

k zhzzh

b ,, 00 Nn  nD

( )

( ) +







−+








−−++−

















−+−








−−−=

4

2

23

321

311

4

3

2

2

1

1

3

22

21

727
496

815
65

4

3

2

7
6

29

24

7
1

1

11

zP
P

PPPP
PPP

P

zPP
P

PzPPzPz(



Fagbemiro et al.: Coefficient bounds for subclass of Sigmoid functions involving subordination principle defined by Salagean Differential Operator 

6 

 

5𝑛+1𝑎5ℎ5𝑧4 + ⋯ ]2 + [2𝑛+1𝑎2ℎ2𝑧 + 3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 + 5𝑛+1𝑎5ℎ5𝑧4 + ⋯ ]3 + [2𝑛+1𝑎2ℎ2𝑧 +

3𝑛+1𝑎3ℎ3𝑧2 + 4𝑛+1𝑎4ℎ4𝑧3 + 5𝑛+1𝑎5ℎ5𝑧4 + ⋯ ]4)  

(𝐷𝑛(𝑓∗𝑔)(𝑧))′

(𝐷𝑛(𝑓∗ℎ)(𝑧))′ = (1 + 2𝑛+1𝑎2𝑔2𝑧 + 3𝑛+1𝑎3𝑔3𝑧2 + 4𝑛+1𝑎4𝑔4𝑧3 + 5𝑛+1𝑎5𝑔5𝑧4 + ⋯ )(1 − 2𝑛+1𝑎2ℎ2𝑧 +

(2𝑛+1𝑎2ℎ2 − 3𝑛+1𝑎3ℎ3)𝑧2 + (2. 6𝑛+1𝑎2𝑎3ℎ2ℎ3 − 2𝑛+3𝑎2
3ℎ2

3 − 4𝑛+1𝑎4ℎ4)𝑧3 + (9𝑛+1𝑎3
2ℎ3

2 +
2. 8𝑛+1𝑎2ℎ2𝑎4ℎ4 + 22𝑛+4𝑎2

4ℎ2
4 − 2. 6𝑛+1𝑎2

2ℎ2
2𝑎3ℎ3(1 + 2𝑛+1) − 5𝑛+1𝑎5ℎ5)𝑧4 + ⋯ )  

 

(𝐷𝑛(𝑓∗𝑔)(𝑧))′

(𝐷𝑛(𝑓∗ℎ)(𝑧))′
= 1 + 2𝑛+1𝑎2(𝑔2 − ℎ2)𝑧 + (2𝑛+2𝑎2

2(ℎ2
2 − 2𝑛𝑔2ℎ2) + 3𝑛+1𝑎3(𝑔3 − ℎ3))𝑧2 +

(4𝑛+1𝑎4(𝑔4 − ℎ4) + 2𝑛+3𝑎2
3ℎ2

2(2𝑛𝑔2 − ℎ2) + 6𝑛+1𝑎2𝑎3ℎ3(𝑔3 − 𝑔2 + 2𝑎3ℎ2))𝑧3 +

(5𝑛+1𝑎5𝑔5 + 2. 6𝑛+1𝑎3𝑎2
2ℎ2(𝑔3ℎ2 + 2𝑛+1𝑔2ℎ3) − 22𝑛(2𝑛+3𝑎4𝑎2𝑔4ℎ2 + 2𝑛+3ℎ4 + 24𝑎2

4𝑔2ℎ2
3) −

9𝑛+1𝑎3
2𝑔3ℎ3)𝑧4 + ⋯                                                                                            (19) 

Also using (15) and (16) 

 

   
𝐷𝑛(𝑓∗𝑔)(𝑧)

𝐷𝑛(𝑓∗ℎ)(𝑧)
=

𝑧+∑ 𝑘𝑛𝑎𝑘
∞
𝑘=2 𝑔𝑘𝑧𝑘

𝑧+∑ 𝑘𝑛𝑎𝑘
∞
𝑘=2 ℎ𝑘𝑧𝑘

=
𝑧+2𝑛𝑎2𝑔2𝑧2+3𝑛𝑎3𝑔3𝑧3+4𝑛𝑎4𝑔4𝑧4+⋯

𝑧+2𝑛𝑎2ℎ2𝑧2+3𝑛𝑎3ℎ3𝑧3+4𝑛𝑎4ℎ4𝑧4+⋯
 

  
𝐷𝑛(𝑓 ∗ 𝑔)(𝑧)

𝐷𝑛(𝑓 ∗ ℎ)(𝑧)
= (𝑧 + 2𝑛𝑎2𝑔2𝑧2 + 3𝑛𝑎3𝑔3𝑧3 + 4𝑛𝑎4𝑔4𝑧4 + ⋯ )(𝑧 + 2𝑛𝑎2ℎ2𝑧2 + 3𝑛𝑎3ℎ3𝑧3 + 4𝑛𝑎4ℎ4𝑧4 + ⋯ )−1

𝐷𝑛(𝑓 ∗ 𝑔)(𝑧)

𝐷𝑛(𝑓 ∗ ℎ)(𝑧)
= (1 + 2𝑛𝑎2𝑔2𝑧 + 3𝑛𝑎3𝑔3𝑧2 + 4𝑛𝑎4𝑔4𝑧3 + ⋯ )(1 + 2𝑛𝑎2ℎ2𝑧 + 3𝑛𝑎3ℎ3𝑧2 + 4𝑛𝑎4ℎ4𝑧3 + ⋯ )−1 

𝐷𝑛(𝑓∗𝑔)(𝑧)

𝐷𝑛(𝑓∗ℎ)(𝑧)
= (1 + 2𝑛𝑎2𝑔2𝑧 + 3𝑛𝑎3𝑔3𝑧2 + 4𝑛𝑎4𝑔4𝑧3 + ⋯ )(1 − [2𝑛𝑎2ℎ2𝑧 + 3𝑛𝑎3ℎ3𝑧2 + 4𝑛𝑎4ℎ4𝑧3 + ⋯ ] + [2𝑛𝑎2ℎ2𝑧 +

3𝑛𝑎3ℎ3𝑧2 + 4𝑛𝑎4ℎ4𝑧3 + ⋯ ]2 − [2𝑛𝑎2ℎ2𝑧 + 3𝑛𝑎3ℎ3𝑧2 + 4𝑛𝑎4ℎ4𝑧3 + ⋯ ]3 + [2𝑛𝑎2ℎ2𝑧 + 3𝑛𝑎3ℎ3𝑧2 + 4𝑛𝑎4ℎ4𝑧3 + ⋯ ]4 −)  

𝐷𝑛(𝑓∗𝑔)(𝑧)

𝐷𝑛(𝑓∗ℎ)(𝑧)
= (1 + 2𝑛𝑎2𝑔2𝑧 + 3𝑛𝑎3𝑔3𝑧2 + 4𝑛𝑎4𝑔4𝑧3 + ⋯ )(1 − 2𝑛𝑎2ℎ2𝑧 + (4𝑛𝑎2

2ℎ2
2 − 3𝑛𝑎3ℎ3)𝑧2 + (8𝑛𝑎2

3ℎ2
3 +

2. 6𝑛𝑎2ℎ2𝑎3ℎ3 − 4𝑛𝑎4ℎ4)𝑧3 + (16𝑛𝑎2
4ℎ2

4 + 3. 12𝑛𝑎2
2ℎ2

2𝑎3ℎ3 + 2. 8𝑛𝑎2ℎ2𝑎4ℎ4 + 32𝑛𝑎3
2ℎ3

2 − 5𝑛𝑎5ℎ5)𝑧4 + ⋯ )  

𝐷𝑛(𝑓∗𝑔)(𝑧)

𝐷𝑛(𝑓∗ℎ)(𝑧)
= 1 + 2𝑛𝑎2(𝑔2 − ℎ2)𝑧 + (3𝑛𝑎3(𝑔3 − ℎ3) − 22𝑛𝑎2

2ℎ2(𝑔2 − ℎ2))𝑧2 + (4𝑛𝑎4(𝑔4 − ℎ4) + 6𝑛𝑎2𝑎3ℎ2(2ℎ3 − 𝑔3 −

𝑔2))𝑧3 + (16𝑛𝑎2
4ℎ2

3(𝑔2 − ℎ2) + 12𝑛𝑎2
2𝑎3(3ℎ2

2ℎ3 + 2𝑔2ℎ3 + 𝑔3ℎ2
2) + 8𝑛𝑎2𝑎4(2. ℎ2ℎ4 − 𝑔2ℎ4 − 𝑔4ℎ2) + 32𝑛𝑎2

2ℎ3(𝑔3 − ℎ3) +

5𝑛𝑎5(𝑔5 − ℎ5))𝑧4 + ⋯                                              (20) 
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                                                                                                                                                                                      (21) 

2.0 MAIN RESULTS 

Theorem 2.1.1 

 Let ...)( −+−+−= 432

12

95

3

22
521 zzzzz  where A  is an activation function for a logistic sigmoid and 00  )( . 

If  )(zf  is given by eqn 1 belongs to the class ),(W ,

, bg

hn


, where   is a non-zero complex number,

20000 0 − kNnhghg kkkk   ,  ,  ,  ,  , 
 
and

nD  is the derivative operator for Salagean, then    

|𝑎2| ≤
𝑏

2𝑛−1(𝑔2−ℎ2)(1+𝛼)
                                                                                                            (22)                

|𝑎3| ≤
8.2𝑛𝑏(𝑔2−ℎ2)2(1+𝛼)2−(2𝑛.4.7.(𝑔2−ℎ2)2(1+𝛼)2𝑏+16𝑏2ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛)))

3𝑛.4.2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)2(1+𝛼)2(1+2𝛼)
                  (23) 

|𝑎4| ≤
22𝑏

4𝑛.3(𝑔4−ℎ4)(1+3𝛼)
+ 2. 6𝑛 × ℎ2ℎ3 (

2𝑛×10𝑏2(𝑔2−ℎ2)2(1+𝛼)2+8𝑏3ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

3𝑛24𝑛(𝑔4−ℎ4)(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)(1+3𝛼)
) ×

(6(𝑔3 − ℎ2) + 3(𝑔2
2 − 𝑔3

2) + 2ℎ2ℎ3 −
2ℎ2𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼                                          (24)                                                                                      

 

Proof: If ),,(W
,

, bf g

hn

 then there exist a Schwarz function )(zu  with conditions that conditions that 1)( zu  and 

0)0( =u  such that  

( )
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Calculations reveal that 
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    (26) 
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1
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1
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             (27)     

and the manifestation of the Taylor series of ))(( z is given as 

                                                    ...))()((

))(()())((

+−+−−++

−−+−−−−=

4

2

23

132131

1

4

3

2

2

1

1

3

22

121

727
496

815
65

4

3

2

7
6
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24

7
1

zp
p

pppppp
p

p

zpp
p

pzppzpz
 

 

 

 

 

 

                                                                          (28) 

 

From (25), (26), (27) and (28) we have 

                                                                                                                                      (29) 

                      ))4)1(2()13(2(2
4

7
)21)((3 222

2

2

2

12333 bhghapphga nnnn









−−++++−=+−                               (30) 

(3𝑛𝑎3(𝑔3 − ℎ3)(1 + 2𝛼) − 2𝑛𝑎2
2ℎ2(2𝑛𝑔2(3𝛼 + 1) + ℎ2(2𝑛𝛼 − 4𝛼 − 2𝑛))) = −𝑏𝑝2 +

7

4
𝑏𝑝1

2 

3𝑛𝑎3(𝑔3 − ℎ3)(1 + 2𝛼) −
2𝑛𝑝1

2𝑏2ℎ2

22𝑛(𝑔2 − ℎ2)2(1 + 𝛼)2
(2𝑛𝑔2(3𝛼 + 1) + ℎ2(2𝑛𝛼 − 4𝛼 − 2𝑛)) = −𝑏𝑝2 +

7

4
𝑏𝑝1

2 

3𝑛𝑎3(𝑔3 − ℎ3)(1 + 2𝛼) = −𝑏𝑝2 +
7

4
𝑏𝑝1

2 +
2−𝑛𝑝1

2𝑏2ℎ2

(𝑔2 − ℎ2)2(1 + 𝛼)2
(2𝑛𝑔2(3𝛼 + 1) + ℎ2(2𝑛𝛼 − 4𝛼 − 2𝑛)) 

𝑎3 =
1

3𝑛(𝑔3 − ℎ3)(1 + 2𝛼)
[−𝑏𝑝2 +

7

4
𝑏𝑝1

2 +
2−𝑛𝑝1

2𝑏2ℎ2

(𝑔2 − ℎ2)2(1 + 𝛼)2
(2𝑛𝑔2(3𝛼 + 1) + ℎ2(2𝑛𝛼 − 4𝛼 − 2𝑛))] 

 

𝑎3 =
1

3𝑛(𝑔3−ℎ3)(1+2𝛼)
[(

7𝑝1
2−4𝑝2

4
) 𝑏 +

𝑝1
2𝑏2ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

2𝑛(𝑔2−ℎ2)2(1+𝛼)2 ]   

Using |𝑝𝑖| ≤ 2, we have 

|𝑎3| ≤ 
2𝑛.8.𝑏(𝑔2−ℎ2)2(1+𝛼)2−(2𝑛.4.7(𝑔2−ℎ2)2(1+𝛼)2𝑏+16𝑏2ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

4.3𝑛.2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)2(1+𝛼)2(1+2𝛼)
                       

4𝑛𝑎4(𝑔4 − ℎ4)(1 + 3𝛼) − 2. 6𝑛𝑎2𝑎3ℎ2ℎ3(6(𝑔3 − ℎ2) + 3(𝑔2
2 − 𝑔3

2) + 2ℎ2ℎ3 − ℎ2𝑎2(𝑔3 + ℎ3)(1 − 𝛼)𝛼) = −𝑏𝑝3 −
𝑝1

2
(

29

6
𝑝1

2 − 7𝑝2) 𝑏                                                               (31) 

4𝑛𝑎4(𝑔4 − ℎ4)(1 + 3𝛼) − 2. 6𝑛 (
𝑝1𝑏

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (

(7𝑝1
2−4𝑝2)𝑏

3𝑛4(𝑔3−ℎ3)(1+2𝛼)
+

𝑝1
2𝑏2ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

3𝑛2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)2(1+𝛼)2(1+2𝛼)
) × ℎ2ℎ3 (6(𝑔3 − ℎ2) +

3(𝑔2
2 − 𝑔3

2) + 2ℎ2ℎ3 +
ℎ2𝑝1𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼 = −𝑏𝑝3 −

𝑝1

2
(

29

6
𝑝1

2 − 7𝑝2) 𝑏  
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 4𝑛𝑎4(𝑔4 − ℎ4)(1 + 3𝛼) = −𝑏𝑝3 −
𝑝1

2
(

29

6
𝑝1

2 − 7𝑝2) 𝑏 − 2. 6𝑛 (
(7𝑝1

3−4𝑝1𝑝2)𝑏2

2𝑛.3𝑛4(𝑔3−ℎ3)(𝑔2−ℎ2)(1+2𝛼)(1+𝛼)
+

𝑝1
3𝑏3ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

3𝑛2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)
) ℎ2ℎ3 (6(𝑔3 − ℎ2) + 3(𝑔2

2 − 𝑔3
2) + 2ℎ2ℎ3 +

ℎ2𝑝1𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼   

𝑎4 =
1

4𝑛(𝑔4−ℎ4)(1+3𝛼)
(−𝑏𝑝3 −

𝑝1

2
(

29

6
𝑝1

2 − 7𝑝2) 𝑏 − 2. 6𝑛 (
(7𝑝1

3−4𝑝1𝑝2)𝑏2

2𝑛.3𝑛4(𝑔3−ℎ3)(𝑔2−ℎ2)(1+2𝛼)(1+𝛼)
+

𝑝1
3𝑏2ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

3𝑛2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)
) ℎ2ℎ3 (6(𝑔3 − ℎ2) + 3(𝑔2

2 − 𝑔3
2) + 2ℎ2ℎ3 +

ℎ2𝑝1𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼)    

Using 𝑝𝑖 = 2 

𝑎4 =
1

4𝑛(𝑔4−ℎ4)(1+3𝛼)
(−2𝑏 −

16𝑏

3
 − 2. 6𝑛 (

10𝑏2

2𝑛.3𝑛4(𝑔3−ℎ3)(𝑔2−ℎ2)(1+2𝛼)(1+𝛼)
−

8𝑏3ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

3𝑛2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)
) ℎ2ℎ3 (6(𝑔3 −

ℎ2) + 3(𝑔2
2 − 𝑔3

2) + 2ℎ2ℎ3 +
2ℎ2𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼)  

Further simplification gives 

𝑎4 =
1

4𝑛(𝑔4−ℎ4)(1+3𝛼)
(

−22𝑏

3
 − 2. 6𝑛 (

2𝑛×10𝑏2(𝑔2−ℎ2)2(1+𝛼)2+8𝑏3ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

4.3𝑛.2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)
) ℎ2ℎ3 (6(𝑔3 − ℎ2) + 3(𝑔2

2 −

𝑔3
2) + 2ℎ2ℎ3 +

2ℎ2𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼)  

Now using |𝑝𝑖| ≤ 2, we have 

|𝑎4| ≤
1

4𝑛(𝑔4−ℎ4)(1+3𝛼)
(

22𝑏

3
+ 2. 6𝑛 (

2𝑛×10𝑏2(𝑔2−ℎ2)2(1+𝛼)2+8𝑏3ℎ2(2𝑛𝑔2(3𝛼+1)+ℎ2(2𝑛𝛼−4𝛼−2𝑛))

4.3𝑛.2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)
) ℎ2ℎ3 (6(𝑔3 − ℎ2) + 3(𝑔2

2 −

𝑔3
2) + 2ℎ2ℎ3 +

2ℎ2𝑏(𝑔3+ℎ3)

2𝑛(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼)  

From (29), (30) and (31) the desire results follow. 

Corollary 2.1.2: when 0=n   

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  where A  is an activation function for a logistic sigmoid and

00  )( . If  )(zf  is given by eqn 1 belongs to the class ),(W ,

, bg

hn


, where   is a non-zero complex number,

20000 0 − kNnhghg kkkk   ,  ,  ,  ,  , 
 
and

nD  is the Salagean derivative operator then 

|𝑎2| ≤
2𝑏

(𝑔2−ℎ2)(1+𝛼)
                                                                                                     

|𝑎3| ≤
8𝑏(𝑔2−ℎ2)2(1+𝛼)2−(4.7.(𝑔2−ℎ2)2(1+𝛼)2𝑏+16𝑏2ℎ2(𝑔2(3𝛼+1)−ℎ2(3𝛼+1)))

4(𝑔3−ℎ3)(𝑔2−ℎ2)2(1+𝛼)2(1+2𝛼)
            

|𝑎4| ≤
22𝑏

3(𝑔4−ℎ4)(1+3𝛼)
+ 2ℎ2ℎ3 (

10𝑏2(𝑔2−ℎ2)2(1+𝛼)2+8𝑏3ℎ2(𝑔2(3𝛼+1)−ℎ2(3𝛼+1))

(𝑔4−ℎ4)(𝑔3−ℎ3)(𝑔2−ℎ2)3(1+𝛼)3(1+2𝛼)(1+3𝛼)
) × (6(𝑔3 − ℎ2) + 3(𝑔2

2 −

𝑔3
2) + 2ℎ2ℎ3 −

2ℎ2𝑏(𝑔3+ℎ3)

(𝑔2−ℎ2)(1+𝛼)
) (1 − 𝛼)𝛼  

Corollary 2.1.3: when ,0=  

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  where A  is an activation function for a logistic sigmoid and

00  )( . If  )(zf  is given by eqn 1 belongs to the class ),(W ,

, bg

hn


, where   is a non-zero complex number,

20000 0 − kNnhghg kkkk   ,  ,  ,  ,  , 
 
and

nD  is the Salagean derivative operator then          

|𝑎2| ≤
𝑏

2𝑛−1(𝑔2−ℎ2)
                                                                                                     

|𝑎3| ≤
8.2𝑛𝑏(𝑔2−ℎ2)2−(2𝑛.4.7(𝑔2−ℎ2)2)𝑏+16𝑏2ℎ2.2𝑛(𝑔2−ℎ2))

3𝑛.4.2𝑛(𝑔3−ℎ3)(𝑔2−ℎ2)2
            

|𝑎4| ≤
22𝑏

4𝑛.3(𝑔4−ℎ4)
                                          

 

 

b

b
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Corollary 2.1.4: when 0,0 == n  

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  

where A  is an activation function for a logistic sigmoid 

and 00  )( . If  )(zf  is given by eqn 1 belongs to the class

),(W ,

, bg

hn


, where   is a non-zero complex number,

20000 0 − kNnhghg kkkk   ,  ,  ,  ,  , 
 
and

nD  is 

the Salagean derivative operator then 

A. |𝑎2| ≤
2𝑏

(𝑔2−ℎ2)
                                                                                                     

|𝑎3| ≤
8𝑏(𝑔2−ℎ2)−(28(𝑔2−ℎ2)𝑏+16𝑏2ℎ2)

4(𝑔3−ℎ3)(𝑔2−ℎ2)
            

|𝑎4| ≤
22𝑏

3(𝑔4−ℎ4)
                                               

 

 

 

The Corollaries 2.1.2, 2.1.3 and 2.1.4 are new results. They 

increased monotonically. The coefficient bound |𝑎2|  obtained 

here is a reciprocal to result in [16] owing to the use of the fact 

that Sigmoid function was used as a composite function 

involving subordination principle. This suggests that the new 

coefficient bound |𝑎2| becomes upper bound to the one 

provided by [16]. The use of sigmoid function in subordination 

principle suggests a higher degree of information management 

strategy. 

 

 

2.2 Fekete-Szego inequalities for class ),(
,

, bW g

hn


 

Theorem 2.2.1 

 Let ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and 

)(zf   is of the form eqn 1 that belongs to the class 

),(
,

, bW g

hn


  where b   is a non-zero complex number,

,0kg  ,0kh  ,0− kk hg  ,2k  

( ) ( ) ( ) ( )( )
( )( )

( ) ( )

( ) ( ) ( ) ( )( )
( )( )

( ) ( )
















−
−+

−+−

−−+++−+




−+

−+−

−−+++−+

−

−

22

22

22

33

2

222

22

22

22

21

12

22

22

33

2

222

22

22

22

2

23

 if ,  1
12.4

213.4                     

242132412..7 

 if ,                                                                                                         1                     

 if ,    
12.4

213.4

242132412..7

1

2



















hg

hgb

hghbhgb

hg

hgb

hghbhgb

kaa

n

n

nnnn

n

n

nnnn

  (32) 

where 

))(21(3 33 hg

b
K

n −+
=


 

 
( ) ( ) ( ) ( )( )

( )( )
,

213.2

242132212..7

33

22

222

222

22

22

1
hgb

hghbhgb
n

nnnn

−+

−−++−−+
=




  

.
)21)((3.4

))242()13(2(4)1()(7.2)1()(2.4
2

33

22

2

2

22

22

222

22

2

2
bhg

hgbhhghg
K

n

nnnnn





+−

−−++−+−++−
=  

Proof: Using the coefficient bounds from Theorem 3.1, this gives: 

( )( )+−

−
−=

12 22

1
2

hg

bp
a

n

   

b
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and  

( )( ) ( )( )
( ) ( )( )

( ) ( ) ( )( )
,

2113.2

242132

214.3

7

213
33

22

22

222

2

1

2

33

2

1

33

2
3





 +−+−

−−++
+

+−
+

+−

−
=

hghg

hghPb

hg

bp

hg

p
a

nn

nnn

nn
 

Also, from lemma 1.1.5, notice, let 𝑐2 = 𝑎3 and 𝑐1 = 𝑎2.  

( ) ( )
,

12
22

22

2

2

1

2
2

2
+−

−=
hg

pb
a

n

 

2

22

22

2

1

2

33

2

22

2

2

22

2

1

2

33

2

1

33

22

23

)()1(2))(21()()1(3.2

))242()13(2(

))(21(4.3

7

))(21(3

hg

pb

hghg

hgpb

hg

bp

hg

p
aa

nnn

nn

nn

−+
−

−+−+

−−++

+
−+

+
−+

−
=−











 

)())(21()1(3.2.4

)])(21(3.4))242()13(2(.4

)()1(2..7[])()1(2.4[

33

2

22

22

2

133

2

222

2

2

22

222

22

22

2

2

23
hghg

phgbhghb

hgbhgp

aa
nn

nnnn

nn

−−++

−+−−−++

+−++−+−

=−








 

Now, let 

 and 

 

2

22

22

33

2

222

22

22

22

)()1(2.4

)])(21(3.4.))242()13(2(4)()1(2..7[

hg

hgbhghbhgb
v

n

nnnnn

−+

−+−−−+++−+−
=




 

So, ][ 2

12

2

12

2

23 vpp
k

b
vccaa −

−
=−=−   

More so, if ,0v  then 

.
))(21(3.4.

))242()13(2(4)()1(2..7

))242()13(2(4)()1(2..7))(21(3.4.

,0
)()1(2.4

)])(21(3.4.))242()13(2(4)()1(2..7[

33

2

222

22

22

22

222

22

22

23

33

2

2

22

22

33

2

222

22

22

22

hgb

hghbhgb

hghbhgbhgb

hg

hgbhghbhgb

n

nnnn

nnnnn

n

nnnnn

−+

−−++−−+


−−++−−+−+


−+

−++−−+++−+−












 

Hence, .
))(21(3.4.

))242()13(2(4)()1(2..7

33

2

222

22

22

22

1
hgb

hghbhgb
n

nnnn

−+

−−++−−+
=




             (33) 

Also, if ,1v then 

))(21(3 33 hgk n −+= 
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1
)()1(2.4

)])(21(3.4.))242()13(2(4)()1(2..7[
2

22

22

33

2

222

22

22

22


−+

−++−−+++−+−

hg

hgbhghbhgb
n

nnnnn




 

.
))(21(3.4.

))242()13(2.(4)()1(2..7)()1(2.4

))242()13(2(4

)()1(2..7)()1(2.4))(21(3.4.

33

2

222

22

22

222

22

22

222

2

2

22

222

22

22

33

2

hgb

hghbhgbhg

hghb

hgbhghgb

n

nnnnn

nnn

nnn

−+

−−++−−++−+


−−++

−−++−+−+










 

 

Hence, .
))(21(3.4.

))242()13(2(4)()1(2..7)()1(2.4

33

2

222

22

22

222

22

22

2
hgb

hghbhgbhg
n

nnnnn

−+

−−++−−++−+
=





 

                                                                                                                      (34) 

By applying lemma 1.1.6 with simple substitution of the various variables involves completes the desire result of prove of the 

theorem 2.2.1 

Corollary 2.2.2: When  0=n   

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  

where b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid 

and ,)( 00   then for any real number :  

( ) ( ) ( ) ( )( )

( )( )

( ) ( )

( ) ( ) ( ) ( )( )
( )( )

( ) ( )
















−
−+

−+−

−−+++−+




−+

−+−

+−++−+

−

−

22

22

2

33

2

222

22

22

2

21

12

22

2

33

2

222

22

22

2

2

23

 if ,  1
14

214                     

24213241.7 

 if ,                                                                                                         1                     

 if ,    
14

214

131341.7

1

2



















hg

hgb

hghbhgb

hg

hgb

hghbhgb

kaa

nnn

 

where 

))(21( 33 hg

b
K

−+
=


 

 
( ) ( ) ( ) ( )( )

( )( )
,

212

131321.7

33

22

222

222

22

2

1
hgb

hghbhgb

−+

+++−−+
=




  

.
)21)((4

))13()13((4)1()(7)1()(4
2

33

22

2

2

22

22

22

22
2

bhg

hgbhhghg
K





+−

+++−+−++−
=  

Corollary 2.2.3: when 0=  
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Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  

where b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid 

and ,)( 00   then for any real number :  

( ) ( )

( )

( )

( ) ( )

( )

( )
















−
−

−−

−+−




−

−−

−+−

−

−

22

22

2

33

2

222

22

22

2

21

12

22

2

33

2

222

22

22

2

2

23

 if ,  1
2.4

3.4                     

242..7 

 if ,                                                                                                         1                     

 if ,    
2.4

3.4

242..7

1

2











hg

hgb

hghbhgb

hg

hgb

hghbhgb
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n

n

nn

n

n

nn

 

where 

  
)(3 33 hg

b
K

n −
=  

 
( ) ( )

( )
,

3.2

22..7

33

22

22

2

2

22

22

2

1
hgb

hghbhgb
n

nn

−

−−−
=

+

  

.
)(3.4

)(2)(7.2)(2.4
2

33

22

22

2

2

22

22

22

2

2
bhg

hgbhhghg
K

n

nnn

−

−−−+−
=

+

 

Corollary 2.2.4: when 0,0 == n  

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  

where b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid 

and ,)( 00   then for any real number :  

( ) ( )
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)( 33 hg
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2.3 Fekete-Szego functional for the class ),(
,

, bW g

hn


   

Theorem 2.3.1 

Let ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  where  

b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid and 

,)( 00   then for any real number :  

( ) ( )

( ) ( )( )
( )( ) ( ) ( )

( ) ( )
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     (35) 

This result is sharp. 

Corollary 2.3.2: when 0=n   

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  

where  b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid 

and ,)( 00   then for any real number :  
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This result is sharp. 

Corollary 2.3.3: when 0=  
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Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class 
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,
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  where  b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    

is a function of sigmoid and ,)( 00   then for any real number :
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This result is sharp. 

Corollary 2.3.4: when 0,0 == n  

Given that ...)( −+−+−= 432

12

95

3

22
521 zzzzz  and )(zf   is of the form eqn 1 that belongs to the class ),(

,

, bW g

hn


  

where  b   is a non-zero complex number, ,0kg  ,0kh  ,0− kk hg  ,2k 0 , 0Nn ,    is a function of sigmoid 

and ,)( 00   then for any real number :  
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This result is sharp. 
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